Abstract. Let G be a finite non-cyclic p-group of order at least p 3 . If G has an abelian maximal subgroup, or if G has an elementary abelian centre with CG(Z(Φ(G))) = Φ(G), then |G| divides |Aut(G)|.
Introduction
From the 1970s, the question 'Does every finite non-cyclic p-group G of order |G| ≥ p 3 have |G| dividing |Aut(G)|?' began to take form. Observe that, if Out(G) = Aut(G)/Inn(G) denotes the group of outer automorphisms of G, this is equivalent to asking whether |Out(G)| divides |Z(G)|. Over the past fifty years, this question was partially answered in the affirmative for specific families of p-groups, for instance p-abelian p-groups, p-groups of class 2, p-groups of maximal class, etc (see [12] for a fairly up-to-date list). This led many to believe that the complete answer might be yes, which is why the question was reformulated as a conjecture: "If G is a finite non-cyclic p-group with |G| ≥ p 3 , then |G| divides |Aut(G)|".
What is more, Eick [4] proved that all but finitely many 2-groups of a fixed coclass satisfy the conjecture. Couson [2] generalized this to p-groups for odd primes, but only to infinitely many p-groups of a fixed coclass. The coclass theory shed new light on the conjecture, and provided more evidence as to why it could be true. Looking at past efforts, it could also be said that an underlying theme was cohomology, which hinted that the full conjecture might be settled using such means.
However, it came as a surprise that the conjecture is false. Very recently, González-Sánchez and Jaikin-Zapirain [7] disproved the conjecture using Lie methods, where the question was first translated into one for Lie algebras. The main idea was to use the examples of Lie algebras with derivation algebra of smaller dimension, from which they constructed a family of examples of p-groups with small automorphism group. We remark that these counter-examples are powerful and p-central, which means that G ′ ≤ G p and
Now a new question may be formulated: which other finite non-cyclic p-groups G with |G| ≥ p 3 have |G| dividing |Aut(G)|? In this short note, we prove that for G a finite non-cyclic p-group with |G| ≥ p 3 , if G has an abelian maximal subgroup, or if G has elementary abelian centre and C G (Z(Φ(G))) = Φ(G), then |G| divides |Aut(G)|. The latter is a partial generalization of Gaschütz' result [6] that |G| divides |Aut(G)| when the centre has order p.
Notation. We use standard notation in group theory. All groups are assumed to be finite and p always stands for a prime number. For M, N normal subgroups in G, we set Aut M N (G) to be the subgroup of automorphisms of G that centralize G/M and N , and let Out M N (G) be its corresponding image in Out(G). When M or N is Z(G), we write just Z for conciseness. On the other hand, if G is a finite p-group then Ω 1 (G) denotes the subgroup generated by all elements of G of order p.
An abelian maximal subgroup
Let G be a finite p-group with an abelian maximal subgroup A. We collect here a few well-known results (see [9, Lemma 4.6 
and its proof]).
Theorem 2.1. Let G be a group having an abelian normal subgroup A such that the quotient G/A = gA , with g ∈ G, is cyclic.
Corollary 2.2. Let G be a finite non-abelian p-group having an abelian maximal subgroup. Then |G :
In [13] , Webb uses the following approach to find non-inner automorphisms of p-power order, which we will use in the forthcoming theorem. For a maximal subgroup M of G, we first define two homomorphisms on Z(M ). Let g ∈ G be such that G/M = gM , then
Corollary 2.3.
[13] Let G be a finite non-abelian p-group and M a maximal subgroup of G containing Z(G). Then G has a non-inner automorphism of p-power order inducing the identity on G/M and M if and only if im τ = ker γ.
We remark that the proof of the above also tells us that if im τ = ker γ,
Theorem 2.4. Let G be a finite non-cyclic p-group with |G| ≥ p 3 and with an abelian maximal subgroup A. Then |G| divides |Aut(G)|.
Proof. We work with the subgroup Aut Z (G) of central automorphisms in Aut(G). Now
and hence it suffices to show that |Aut Z (G)| ≥ |Z 2 (G)|. According to Otto [11] , when G is the direct product of an abelian pgroup H and a p-group K having no abelian direct factor, then one has |H| · |Aut(K)| p divides |Aut(G)|. Hence, we may assume that G has no abelian direct factor. It then follows by Adney and Yen [1] 
By Corollary 2.2, we have |G : Z(G)| = p|G ′ | and equally,
is an abelian maximal subgroup of H. Applying Corollary 2.2 to H yields
Combining this with (1) gives
Next we have G ′ = {[a, g] | a ∈ A} by Theorem 2.1. By Webb's construction, we know that im γ ⊆ ker τ and here im γ = [A, g] = G ′ . Now for a ∈ A and g as in Theorem 2.1, we have
We claim that exp( 
We consider homomorphisms from G/G ′ to Z(G). The element g 1 G ′ may be mapped to any element of Z(G), and g 2 G ′ may be mapped to any element of G ′ ∩ Z(G), which is of exponent p.
Thus, with the aid of (3),
We consider two families of homomorphisms from G/G ′ to Z(G). First,
This gives rise to |G/G ′ | homomorphisms.
Next, we consider all homomorphisms from G/G ′ to Z(G) where each element g i G ′ is mapped to any element of order p in z 2 × . . . × z r . This gives
Multiplying both together and then using (2), we obtain
Elementary abelian centre
Let G be a finite p-group with elementary abelian centre. In order to prove that |G| divides |Aut(G)|, we may assume, upon consultation of [5] and the final remarks in [8] , that Z(G) < Φ(G). One of the following three cases exclusively occurs.
The main result of this section is to show that if G is a finite p-group with elementary abelian centre and not in Case 2B, then |G| divides |Aut(G)|.
With regard to Case 2B, we would also like to mention another longstanding conjecture for finite p-groups: does there always exist a non-inner automorphism of order p? The case 2B is the only remaining case for this conjecture (see [3] ).
First we deal with Case 1.
We comment that the proof of this result in [10] tells us that
Proof. Using Lemma 3.1 and the above comment, it follows that
Next, suppose G is as in Case 2(A). We will need the following. By Theorem 3.3, there exists a non-inner automorphism β ∈ Aut Z (S) of p-power order. As observed by Müller [10, Section 3] , the automorphism β extends uniquely to some non-inner γ ∈ Aut Z (G) with trivial action on R.
Certainly γ does not act trivially on M ∩ N = S, so γ ∈ Aut M (G). Let γ be the image of γ in Out(G). We now show that γ ∈ Out M M (G). On the
